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Abstract. This paper deals with a method for extending ridgelet based
approximation to high-dimensional problem. Ridgelet approximation can
be interpreted as a neural networks with a special neural activation func-
tion that has to satisfy an admissibility condition. This latter is similar
to the one used in wavelet theory. Using such a function allows to have a
set a function that is a frame of L?(IR*). The algorithm used for approx-
imation is based on a matching pursuit in a infinite dictionary that leads
to a convergent algorithm. The selection of the best function is based on
a Levenberg-Marquadt minimization algorithm. The exposed method is
then applied to artificial regression problem on function with singularity
and a financial dataset.

1 Introduction

Wavelet theory has become a widely used tool in signal and image processing
for either approximation, estimation or compression [6]. However, due to the
practical difficulty for building high-dimensional orthonormal wavelet basis, ap-
plications with dimensions higher than 2 are not frequent. The cooperation of
neural networks framework and the wavelet theory allow to overcome this prob-
lem and then high-dimensional wavelet can be practically implemented [12]. The
so-called wavelet network has emerged in the early nineties and combines the
advantages of the wavelet with the learning process of a neural networks [13].

More recently, a new approach for wedding neural networks and wavelet has
been proposed by Candés within the context of harmonic analysis [2]. The un-
derlying idea is to look for neural activation function that after dilation and
translation forms a set of L2(IR%) frame. The condition for having such an acti-
vation function is similar to the one for wavelet :
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where 1/3 is the Fourier Transform of the activation function. For now on, a
function satisfying this condition is called a ridgelet. The advantage of frame is



that one can have a stable repyesentation of any function in L2(IR?) from the
following expression :
f(z) = Z(f; Yi)i(z) (1)
ier

where {t;}icr and {1;};cr are respectively a frame and dual frame of L2(R%). In
an other paper [4,3], Candés has shown that ridgelet-based function estimation
can be theoretically highly efficient in high-dimensional problems . However, in
this case, constructing a frame is prohibitive as the number of frame elements is
exponentially related to the dimension of the problem. Hence, building explicitly
the frame basis is not very appropriate. To overcome this problem, we propose
a method for approximation, based on an adapted matching pursuit algorithm,
that does not need the explicit knowledge of the frame elements, and we apply
this algorithm to regression problems. This allow to exploit the information
compression, robustness and localization properties of ridgelet.

In this paper, we recall briefly the ridgelet frame theory and describe the
modified matching pursuit algorithm. Then, examples of application on artificial
data and a real financial regression problem are given.

2 Rigdelet Approximation

Frame theory has been developed mainly for wavelet. However, it is a general
concept that can also be extended for multidimensional case. Frames [5] have
interesting properties that can be exploited for function approximations. So,
in the first part of this section, we recall a brief theory about ridgelet, before
describing the rigdelet pursuit algorithm.

2.1 Ridgelet Frames
A frame is a set of functions {¢;}icr of L2(IR%) that satisfy the following con-

dition :
Al sy < ST I < BIIF 2y (2)
iel’
with 0 < A < B < o0, for all function f in L2(IR?). A dual frame {¥;}ier can
also be defined and by means of those two sets of functions, one can expanded
a function f as :

F@) =Y (fdai(z) =D (f, i)
ier i€l
Frames can be considered as a redundant basis which redundancy are statisti-
cally useful [5,11], as the more the frame elements is redundant, the more the
reconstruction is robust to noise.
Ridgelet has been introduced by Candes whose aim was to propose a stable
function representation with a sum of neural activation function [2]:

f(z) = Z azo(ujz + b;)



where u is a unit vector of IR?, a; and b; two constants. As defined by Candes,
ridgelet can be viewed as multidimensional projective wavelet. In fact, a frame
of ridgelet 1, is a set of functions obtained from the dilation, translation and
rotation of a single ridgelet :

Yy(x) = aé/Zv,[J (agutx - k‘bo)

with v € Iy = {(af;,u,kboao_j),j >Jjo,u € X5,k € Z}, where X is a discretiza-

tion of the unit sphere S%~1 of IR®. This set is a frame of L?([0,1]%), however,
this is not very restrictive as a simple renormalization allows to be respect this
hypothesis. The main drawback of this frame is that its size N; for a given di-
lation j is exponentially related to the dilation j considered, and the dimension
of the problem. In fact, N; o a(()J 391 41d thus, for dimension higher than
2, using equation (1) is prohibitive, because it needs explicitly the construction
of the frame and dual frame elements.

This is the main justification of the algorithm that we propose in the next
part.

2.2 Ridgelet Pursuit

Our aim is to approximate any function f € L2([0,1]¢) with a linear combination
of ridgelet :
f(@) = Z Wy hy

yer

with w, € IR and I"is a set of index that we will define later. The approximation
should not need any construction of the frame elements and should be convergent
in the sense :

<C™Nfl  witho<C<1 (3)
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The dictionary of ridgelet is composed of vectors of unitary norm and it must
include N vectors that form a frame of L2(]0,1]¢). For instance, the dictionary
D can be the set of ridgelet :

by with v € Ty = {(ab,u, kboag?),j > jo,u € Sk € Z}

as this set satisfies the above conditions.

The matching pursuit algorithm consists in approximating a function f with
elements of a dictionary D. At first, the algorithm looks for a vector g,, which
minimize the norm of a residual defined as :

f= Wr Gryo + Rf



Then, one has to reiterate this algorithm on the residual and so on. Finally, after
m iterations, the approximation f can be written as :

. M—-1
f= Z(Rmf:g'ym)"‘Rm-i-lf
=0

m

where Rof = f and R, f is the residual after m — 1 iterations (for more details,
readers should refer to [8,6]). In our case, this matching pursuit algorithm can
not be applied as it is, because, the ridgelet dictionary is not defined explicitly
and is of infinite size.

Recall that at each step, the aim is to find a ridgelet that minimize || Ry, 1. f||?
or || Ry f — (R f5 9. ) Gv.r. ||* Which is equivalent to find a ridgelet that maximize
[(Rmf,9v.)|- As this search may be time-consuming, it is sufficient to find a
sub-optimal ridgelet that satisfies, for a given a:

(R f, grn) = sup (R f, gy) (4)
v€l'y

with 0 < a < 1. As the set of ridgelet is infinite, an iterative method is used for
looking for the optimal ridgelet that minimize the norm of the residual. Here,
the problem is to minimize a quadratic cost with regards to the parameters -,
namely, j, k and u. In this case, for instance, a Levenberg-Marquadt algorithm
[1,7] can be used for solving this problem. It can be shown that [9], there exists
a constant C, depending on the frame bounds, the cardinality of the frame
elements included in the dictionary, and the suboptimal parameter «, so that
for every m > 0, equation (5) holds.

Theorem 1. it exists a constant depending on the frame bound and the subop-
timal parameter a so that for all m > 0

[IR™fI] < C™[| 1] (5)
and so
+oo
f=3 <E"f,91, > gy (6)
m=0
and
+oo
117 =D | <R™f, 9y, > | (M)
m=0

2.3 The Ridgelet Pursuit algorithm
The algorithm can be summarized as follows :

1. At first, one has to initialize the residual with the data to be approximated :
m=0and R,,f = f.
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Fig. 1. The original mutilated function and the contour of L, difference between ideal
and noisy samples.

2. Look for the best function g,,, that minimize the norm of the residual. This

is done with a gradient-descent algorithm into the parameter space of the

ridgelet dictionary ( usually, these parameters are the dilation, translation

and direction of ridgelets).

Update the residual.

4. Verify if the stopping criteria is satisfied unless go back to step 2. Commonly,
this criteria can be the number of ridgelet in the model, the mean-square
error for the learning set, or the mean-square error in a validation set.

@

3 Application to Regression Estimation

This algorithm of ridgelet pursuit has been tested on regression problems.

3.1 Example 1 : 2D Regression on noisy mutilated function

First example consists in the approximation of a noisy smoothed mutilated func-
tion f(z,y) :
flz,y) = 1{z+2y>0}6_4($2+y2)

This function has been regularly sampled on the interval [—-1,1]?, then a
gaussian noise with a standard deviation of 0.15 is added to the samples. Two
parameters control the complexity of the model, the first one, is the number or
ridgelet used for estimating f. In fact, according to the property of convergence
of the algorithm, the approximation f will interpolate the noisy data if too many
ridgelets are used. The second complexity parameters is the number of dilation
j explored in the ridgelet dictionary. As this dilation parameter is related to the
frequency contents of the ridgelet,hence, removing high dilation can be inter-
preted as a frequency filtering, and thus, is equivalent to approximate data with
smoother functions. In figure (2) and (3), typical results are depicted. We have
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Fig. 2. approximation with 25 ridgelet and he contour of L; difference between ideal
and approximation function.

Approximation with ridgelet pursuit Contours ofdiference between approximation and f(xy)
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Fig. 3. approximation with 15 ridgelet and the contour of L; difference between ideal
and approximation function.

the estimation of the regression function and the contour of the L; error. One
can noted that the discontinuity is well approximated by the ridgelet expansion
and smooth regions have been partially denoised for both models.

3.2 Example 2: Regression on financial dataset

This second example comes from the NIPS learning competition datasets and
consists in the prediction of the value of one asset based on the knowledge of
5 others. The data set is composed of 200 examples for learning (which have
been separated in 150 for learning and 50 for model selection) and 200 others
for testing. Dilations explored have been fixed to 2/ with j € {1...4} and the
complexity of the approximation is controlled by the number of ridgelet.
Figure (4) depicts the predicted value with regards to the real value for a
model with 20 ridgelets and the prediction of the asset values on the testing set
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Fig. 4. left : Predicted value of asset vs real value for the validation set. Right : Pre-
diction of asset value for the testing set

for the same. One can notice that in this 5-dimensional problem, the algorithm
behaves well. Outliers can also be noted in the both the validation and testing
set.

4 Conclusions

A ridgelet pursuit algorithm have been proposed in this paper, and the exam-
ples given in here show promising results. The behaviour of this approximation
method allows to extend the application of ridgelet to higher dimension than 2
with still good results, as one has seen in the second example. Besides, owing to
the ridgelet frame properties of redundancy, compression and localization, this
algorithm allows good approximation in region with discontinuity. Other aspects
like the choice of dilation and other complexity control methods (penalisation...),
variance of the model (due to the Levenberg-Marquardt algorithm) have to be
investigated.

5 Appendix

The financial data can be found on the following URL :
http://q.cis.uoguelph.ca/ skremer/NIPS2000/
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