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Appetizer...matrix factorization - K = U ' DU

K is a regular matrix, eigenvectors ¢, and eigenvalues u; K¢, = p;¢; 1 =1,m
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N - y

U is an orthogonal matrix (eigen vectors orthonormal)
D is a diagonal matrix

U'U=1<U"=U""1 KU=UD& KUU' =UDU'
use it : Ka=y < UDU'a=y
s U'UDU'a=U'y
& DU'a=U'y
& Ula=D"WW'y D is diagonal
& UU'a=UDWUW'y & a=UDWUW'y
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Previously on functional learning and regularization

interpolation : given a sample S, = {z; € Q,y; € R, i=1,m}
find f e Hsuchthat T f =y e. f(x;)=wy;, t=1,m

define H hypothesis space

#H € IRY pointwise define functions
T is continuous <> there exists a kernel x(z, z’)

VieH Ve, € R, f[f(x;) = (k(xs,.), f(.))n reproducing property
Hisarhs. < k(z,2/) < operatorS: L2 — R"
Tf=y& Ka=y

ready for more about regularization
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Road map

Il posed problem, regularization and Learning

1. splines

2. the interpolation problem

3. well posed and ill posed problem

4. reqgularization framework -the regularization path
5. Tikhonov regularization

6. other regularization methods

7. regularization analysis throught filter functions

Iterative algorithm and regularization

Semi convergence - the proof
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Ill posed problems

Let H; and H, be two normed sets. Let T' be some linear operator from H; to Hs
problem P givenT andy € Hy, find f € H suchthatTf =y

Definition (Well posed problem)

the problem P is well posed if its solution
exists

IS unique

iIs stable (|| f — f:|| < C|ly — y¢||) - the solution depends continuously on the data

Definition (ill posed problem)
the problem P is ill posed if its solution violated one of the aboave requirement

Definition (Regularized solution)

Let A € I C R™. A regularized solution of the problem P is a sequence fy of
solutions of a sequence of well posed problems P, (called the regularized
problems) such that f ﬁ) f.

—

what are the reqgularization strategies ?
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Regularization strategies

The initial problem : (almost) variational - minimal norm formulation

Tf = in 3|Tf -y
f=y < ming|Tf—yl

penalization : Tikhonov regularization

- min |[|Tf — yl||* + M| f||2
P I]}ggl! =yl +Alfll5

explicit subspace methods
Hi CHoy C...CH,=H, e.g. Truncated spectral factorization

Hi = span{¢s, ..., dr } .
Pi : min ||Tf —yH2
feH

iterative approaches
gradient iterations (Landweber-Friedman) (fi xed given stepsize p)

fr = fee1 — pV(|IT fe—1 — yII?)

Krylov subspace (conjugate gradient type)
fi nd a sequence of iteration polynomial ¢, fr = qu-1(T)y

Lecture 2 learning and regularization from interpolation to approximation - p.6/15



Regularization strategies

The initial problem : (almost) variational - minimal norm formulation
_ 1 2
Tf=y < mng||Tf-y]

feH
penalization : Tikhonov regularization
- 2 2
Py :min [Tf —yl[|” + All fll5 fx—f
Fer A—0
explicit subspace methods
Hi CHoy C...CH,=H, e.g. Truncated spectral factorization
Hi = span{¢s, ..., Pk} .
Pi: min [T -y’
iterative approaches
gradient iterations (Landweber-Friedman) (fi xed given stepsize p)
fo = fre1 = oV (ITfro1 = yI°) f’fkjo /

Krylov subspace (conjugate gradient type)
fi nd a sequence of iteration polynomial ¢, fr = qu-1(T)y
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Regularization strategies for the interpolation problem

The initial problem : variational and minimal norm formulations

?%Hf”% withTf=y <« solve Ka=yinR™

S

Ka=y < minla"Ka—Ka'y < minl|Ka—y]|?
(84 (64

penalization : Tikhonov regularization

P+ min [[Tf — yI? +AIfl Parmin Ko —yl* + Aol

explicit subspace methods
Truncated spectral factorization of K, H; = span{¢1, ..., ¢r}
Pj, : min |Ka —y||?
¢ min Ko —y|
iterative approaches
gradient iterations (Landweber-Friedman) (fi xed given stepsize p)

o = ap—1— p(Kag_1—y)

Krylov subspace (conjugate gradient and minimal residual)
fi nd a sequence of iteration polynomial ¢, ax = qx_1(K)y
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Tikhonov regularization of the interpolation problem

Given H and Sy, = {X1,¥1, .., Xm,ym }, find f e H suchthat Tf =y (f(x%)= )

Definition (Tikhonov regularization - 3 equivalent ways )

given \; ?1% 1£13, suchthat [|Tf—yl|f&n <A1
c

T =~  such that 2 <A
;%173\\ f—vyl& | f11% 2

. - . . i 1
using Lagrange multiplier nin Ry(f) with Ry(f) = ;(f(xi) —yi)® + Xllngﬂ

The solution f(x Zaz k(24,2
o = A(f(il?i) —Y¥i) < %Oéz' = Zajf‘?(ﬂ?jaﬂ?z') — Y
j=1
using matrix notations

ta=Ka-y & (K+1/A\)a=

Tikhonov regularization <« Preconditioning matrix K
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filter functions to analyse the effect of regularization

K Is a regular matrix, eigenvectors ¢; and eigenvalues i,
K¢i = pi¢pi  1=1,m

eigen values are normalized 0 < ¢; <1

U Is an orthogonal matrix (eigen vectors orthonormal)
D Is a diagonal matrix

factorization
K=UDU' Ka=y< a=UD1'U'y

regularization through filtering the eigen values

a=UpD)D 'U'y

two extreme cases ¢(u) =0 (cancelation) o(u) =1 (no filter)

©(u) is called the filter function
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filter functions

Tikhonov regularization
(K+XM)a=y & (UDU'"+XUUNa=y
& UD+X)U'a=y
& a=UD+N)U'y & oz:USDﬂL)\I)_UZD_lUTy

~

Gradient iterations (Landweber-Fridman) oA () =775
ary1 = o —p(Kag —y)

= (I —pK)ay — py

= (I —pK)?ap_1— (I—pK)py — py some tedious algebra...

= (T (- K"Ky

= UI-(I-pD)D Uy = U([I-(~- pD)kz DUy
Krylov subspace (conjugate gradient) orr (1) =1 (1-pp)*

arr1 = q(K)y
= UqD)WU'y = U q@(D)D D 'U'y
——

Cr+1(p)=qr(p)p
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Ploting filter functions (illustration)

YR

—

— Tikhonov
- TSV

— Conj Grad

el

example of behavior of the filter functions
¢ (u) for different regularization methods

ox(p) = ——
[+ A
A=0.25
Lif > A
SOA(M) —
0 else
A=04

p=025k=15

Prr1(p) = qr(p)p
k=5

same fi lter functions with less regularization
A =0.05,k =50
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Summarize

the regularization methods produice a sequence of well posed
problems whose solutions f, are of increasing complexity

this sequence of solutions converges toward the interpolating
function

these methods differ through the regularization path they follow

What about approximation ?
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Learning as a minimum prediction error

Definitions
inputs : X € R?
output: Y € R
cost: C(f,z,y) = (f(z) —y)?
unknown : IP(z, y)
risk 1 R(f) = E(C(f,X,Y))=E((f(X)-Y)?)

Theoretical problem

Problem : mfin R(f) Solution : t(z) = IE(Y|X = x)
Learning algorithm :
given a sample S,, = {(x;,y:),? = 1,m} i.i.d. from P(z, y),
estimate function ¢

learning with noise = approximate (x;,y;),2 = 1, m
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Approximation and regularization

—— interpolation

—= t(x)

data, interpolation data, interpolation and the target function

y; = t(z) + e
the approximation is in the regularization path toward interpolation

Approximation = early stopping in the regularization path
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Conclusion

Regularization and interpolation
penalisation - Tikhonov

subset - TSD
iterative methods

approximation via early stopping in the regularization path

penalisation Tikhonov : find the "good" \, complexity O((#\)m?)
subset - TSD : find the good size k
iterative methods : iterate to &, complexity O(km?), k << m

iterative methods (CG, MR, Krylov subspace)
regularizing
fast
generic
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