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Appetizer...matrix factorization -
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is an orthogonal matrix (eigen vectors orthonormal)*

is a diagonal matrix

) + ) � ,.- ) + � )/ � � ) � ) * - � ) ) + � ) * ) +

use it :

�10 � 2 - ) * ) + 0 � 2

- ) + ) * ) + 0 � ) + 2

- * ) + 0 � ) + 2

- ) + 0 � * / � ) + 2 *

is diagonal- ) ) + 0 � ) * / � ) + 2 - 0 � ) * / � ) + 2
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Previously on functional learning and regularization

interpolation : given a sample

��� � ��� � � 	�
 � � � 
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 � � � 
 � �

find

� � �

such that

� � � �..................i.e.

� �� � � � � � 
 � � � 
 �

define

�

hypothesis space� � 
� �

pointwise define functions�

is continuous � there exists a kernel � �� 
 � � �

� � � � 
 �� � � 
� 
 � �� � � � � � �� � 
� � 
 � �� � "! reproducing property

�

is a r.h.s. � � �� 
 � � � � operator
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� � � � � *,+ � �

ready for more about regularization
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Road map

ill posed problem, regularization and Learning

1. splines

2. the interpolation problem

3. well posed and ill posed problem

4. regularization framework -the regularization path

5. Tikhonov regularization

6. other regularization methods

7. regularization analysis throught filter functions

Iterative algorithm and regularization

Semi convergence - the proof
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ill posed problems

Let

�� and

��� be two normed sets. Let

�

be some linear operator from
�� to

���

problem

�

given

�

and � � � � � find

� � �� such that

� � � �

Definition (Well posed problem).......................
the problem

�

is well posed if its solution
exists
is unique
is stable (

� �
	 ��� � 
 � � �	 � � �

) - the solution depends continuously on the data

Definition (ill posed problem).......................
the problem

�

is ill posed if its solution violated one of the aboave requirement

Definition (Regularized solution).......................

Let

� � ,� �� �

. A regularized solution of the problem

�

is a sequence

��� of
solutions of a sequence of well posed problems

� � (called the regularized
problems) such that

��� 	 �� � �
�

.

what are the regularization strategies ?
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Regularization strategies

The initial problem : (almost) variational - minimal norm formulation

� � � � � � ������!
� & � � �' � � &

penalization : Tikhonov regularization

	�
 # � ������!
� � �' � � & � 
 � � � &!

explicit subspace methods� � � � � �� � � � ��� � �� e.g. Truncated spectral factorization��� � span

� ��� � � � � � �� �

�� � � ������ ���
� � �	 2 � �

iterative approaches
gradient iterations (Landweber-Friedman) (fixed given stepsize  )

�� � �� / � 	  ! �" � � �� / � 	 2 � � �

Krylov subspace (conjugate gradient type)
find a sequence of iteration polynomial #� � �� � #� / � " � $ 2
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Regularization strategies

The initial problem : (almost) variational - minimal norm formulation
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explicit subspace methods� � � � � �� � � � ��� � �� e.g. Truncated spectral factorization��� � span

� ��� � � � � � �� �

�� � � ������ ���
� � �	 2 � �

iterative approaches
gradient iterations (Landweber-Friedman) (fixed given stepsize  )

�� � �� / � 	  ! �" � � �� / � 	 2 � � � �� 	 � �� ��

Krylov subspace (conjugate gradient type)
find a sequence of iteration polynomial #� � �� � #� / � " � $ 2
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Regularization strategies for the interpolation problem

The initial problem : variational and minimal norm formulations

� ��� �� � � � � � � with

� � � 2 - solve

�10 � 2 in �� �

�10 � 2 - � ����
�

� � 0 + �10 	 �10 + 2 - � ����
�

� � � �10 	 2 � �

penalization : Tikhonov regularization

� � � � ��� �� � � � �
	 2 � � � � � � � � � � � � � ����
�

� �10 	 2 � � � � � 0 � ���� �

explicit subspace methods
Truncated spectral factorization of

�

,

� � � span

� ��� � � � � � �� �

�� � � ���
� � ��

� �10 	 2 � �

iterative approaches
gradient iterations (Landweber-Friedman) (fixed given stepsize  )0 � � 0 � / � 	  " �10 � / � 	 2 �

Krylov subspace (conjugate gradient and minimal residual)
find a sequence of iteration polynomial #� � 0 � � � �/ 	 " 
 $ 2
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Tikhonov regularization of the interpolation problem

Given

�

and

�� � ��� � � �� � � � � � � � � �� �

, find

� � �

such that

� � � 2 " � "� 	 $ � �	 $

Definition (Tikhonov regularization - 3 equivalent ways ).............

given

� � ..... � ��� �� � � � � � � such that

� � �	 2 � ���� � � � �

� ��� �� � � � �
	 2 � ���� � such that

� � � � � � � �

using Lagrange multiplier � ��� �� � � � " � $

with

� � " � $ � �
	�� �

" � "�� 	 $ 	 �	 $ � �
�

� � � � � �

The solution

� "�� $ � �
	�� � 0 	 	 "�� 	 � � $

0 	 � � " � "�� 	 $ 	 �	 $ - � � 0 	 � �

� � 0 
 	 "�� 
 � � 	 $ 	 �	

using matrix notations� � 0 � �10 	 2 - " 
 � � � �
 $ 0 � 2

Tikhonov regularization - Preconditioning matrix
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filter functions to analyse the effect of regularization

*

is a regular matrix, eigenvectors

� � and eigenvalues � �* � � � � � � � � � � 
 �

eigen values are normalized

� � � � � �

�

is an orthogonal matrix (eigen vectors orthonormal)�

is a diagonal matrix

factorization * � � � � � *,+ � � � + � �� 	 
 � � �

regularization through filtering the eigen values

+ � � � � � � � 	 
 � � �

two extreme cases � � � � � �
(cancelation) � � � � � �

(no filter)

� � � � is called the filter function
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filter functions
Tikhonov regularization" � � � , $ 0 � 2 - " ) * ) + � � ) ) + $ 0 � 2

- ) " * � � , $ ) + 0 � 2

- 0 � ) " * � � , $ / � ) + 2 - 0 � ) " * � � , $ / � *� �� �

�� ��� �� �
� � �

* / � ) + 2

Gradient iterations (Landweber-Fridman)0 � � � � 0 � 	  " �10 � 	 2 $

� " ,	  � $ 0 � 	  2

� " ,	  � $ � 0 � / � 	 " ,	  � $  2	  2 some tedious algebra...� " ,	 " ,	  � $ � $ �/ � 2

� ) ,	 " ,	  * $ � * / � ) + 2 � ) " ,	 " ,	  * $ � $� �� �

� � �� ��� �� � / � � / 	� � �
* / � ) + 2

Krylov subspace (conjugate gradient)0 � � � � #� " � $ 2

� ) #� " * $ ) + 2 � ) #� " * $ *� �� �

� � �� ��� �� 
� ��� � �

* / � ) + 2
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Ploting filter functions (illustration)

0 1
0

1

− Tikhonov 

− TSV 

− Gradient 

− Conj Grad 

0 1
0

1

example of behavior of the filter functions� � " � $ for different regularization methods

� � " � $ � �� � �

� � $� ��

� � " � $ �
�

�
�

�
if � � �

$
else

� � $� �

� � � 	 " � $ � � 	 " � 	  � $ �
 � $� �� � � � � �

�� � � " � $ � #� " � $ �

� � �

same filter functions with less regularization

� � $� $� � � � � $
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Summarize

the regularization methods produice a sequence of well posed
problems whose solutions

� 
 are of increasing complexity

this sequence of solutions converges toward the interpolating
function

these methods differ through the regularization path they follow

What about approximation ?
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Learning as a minimum prediction error

Definitions
inputs :

� � �� �

output :

� � ��

cost :

� " �� � � � $ � " � "�� $ 	 � $ �

unknown :

�� "�� � � $

risk :

� " � $ � �� � � " �� �� � $ � � �� � " � " � $ 	 � $ � �
Theoretical problem

Problem : � ��� � � � � �

Solution :

� �� � � 
� �� 	 
 � � �

Learning algorithm :
given a sample

�� � � �� � 
 � � � 
 � � � 
 � � i.i.d. from


� �� 
 � � ,
estimate function

�

learning with noise = approximate

�� � 
 � � � 
 � � � 
 �
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Approximation and regularization

−− interpolation 

data, interpolation 

−− t(x) 

data, interpolation and the target function 

� � � � �� � ��� �

the approximation is in the regularization path toward interpolation

Approximation = early stopping in the regularization path
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Conclusion

Regularization and interpolation
penalisation - Tikhonov
subset - TSD
iterative methods

approximation via early stopping in the regularization path

penalisation Tikhonov : find the "good"



, complexity

� � �� 
 � � � �

subset - TSD : find the good size
�

iterative methods : iterate to

�

, complexity

� � � � & � 
 � � � �

iterative methods (CG, MR, Krylov subspace)
regularizing
fast
generic
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