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Introduction
[ ]

Motivation

two streams in statistical learning theory

one stream
Model model probabilities
Optimization use likelihood
Example mixture model
pro & cons all formal
pro & cons slow

Can we build a bridge between these two frameworks?
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Outline

o Theoretical framework
@ hypothesis: RKHS
@ probabilities: exponential family

9 The bridge for the 2 class problem
@ conditional exponential family in a RKHS
@ parameter estimation: from functions to vectors

e The bridge for novelty detection
@ detection of abrupt changes
@ generalized likelihood ratio



Theoretical framework
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hypothesis: RKHS

In the beginnig there was the kernel

@ positive function: symmetric & >4 > ajajk(X;, ;) > 0
@ kernel: any positive function k(x, y) Vx,y € Q

@ Ho = {f € R%|f(x) Za, (x,x)),n € N,a; € R, x; € Q}
i=1
@ scalar product on ’Ho

(f(-),9(.) Zza/ﬂ/ (Xi, X))

i=1 j=1

properties of the scalar product on

@ (f(.), k(x,.))n, = f(x) evaluation functional
@ (k(x,.),k(y, . )H, = k(x,Y) reproducing property




Theoretical framework
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hypothesis: RKHS

From Kernel to hypothesis and back

the Hilbert space has to be complete

H ="Ho

definition: RKHS - reproducing kernel Hilbert space
@ a Hilbert space
@ H C R%

@ there exists some kernel k such that
VEeH, (F(),k(X,.)n = f(x)

...and back

if the evaluation functional is continuous in some hilbertian sub
space then it is a RKHS
proof: there exists some k (Riesz theorem)




Theoretical framework
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probabilities: exponential family

Exponential family

definition: Exponential family

P(x]0) = p(x) exp? #0)-9(0)
@ 1(x) the support measure
@ 6 the “natural” parameter
@ (x) the sulfficient statistic

g(0) the Log partition function is

/P(x)dx =1 & gB)= /og/expeTW(X) p(x)dx

definition: Domain

o= {e e R¥|g(9) < oo}

A\

A\




Theoretical framework
[e] Tele]

probabilities: exponential family

Examples: Bernoulli, Normal, power exponential

family, even the uniform!

oY — B(p) pel01]
oP(Y=y)=p(1-p)', Vye{01}
= exp’ log p+(1—y)log (1 fp),
= eXpBy—g(€)7
o f=logt2; ,g(6)=log(1+exp’)itis CONVEX

v

likelihood maximization is a CONVEX problem

U(x,0) = —logP(Y = y)
= 0y +g(0) itis CONVEX

It is a matter of parameterization to get convexity



Theoretical framework
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probabilities: exponential family

Generalized exponential family

definition: Exponential family in a RKHS

@ H is a RKHS with kernel k (...or the other way round)
@ the “natural” parameter 0§ € ‘H
@ the sufficient statistic is ¢(x) = k(x,.)

@ the domain: 6 € © C 'H

Bayesian framework: prior distribution on ¢




Theoretical framework
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probabilities: exponential family

MAP

MAP principle

max P(f|data) <« min—JlogP(data|d) — logP(0)
€O 0€0

n
. B ‘ 1 5 .
min J(0) = — ;_1 0(x;) + 9(0) + @HQHH it is CONVEX

recall 6(x;) = (0(.), k(x;,.))n

ok, nice, but this is a functional minimization problem...



The bridge for the 2 class problem
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conditional exponential family in a RKHS

conditional for classification

xeQandye {-1,1}
The exponential conditional densities:

P(y|x; 9) — oxp (k0.0 -0(007)
g(6(x)) = |OgZexp( 8():k(x.y,)) )

find out the kernel

0(x,y) = yo(x) = (0(), k(X ¥, )z = Y(6(), k(X, )

Conditional Rademacher

]P(y|xv 0) — expye(x)_g(g(x))

9(8(x)) = log (exp"()‘) L expfe(x)>




The bridge for the 2 class problem
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parameter estimation: from functions to vectors

MAP for classification

Il
P(y|x; 0) = exp?)—901x)  p(g) = % —_—

n n
’
=D vib(a) + > 9(0(x)) + T._QHQH%
i=1 P

Gateau differential

Vod(0 Zy, X;,.) +Zg k(x;i,.) %0(.)

The representer theorem

Ved(0) =0 & 6() Zoz(y, 9/(60) k(x;:-)




The bridge for the 2 class problem
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parameter estimation: from functions to vectors

From functions to vectors

n n
, , o(x 1
min J(0) = - > yio(x)+> _log (exp"(x') +exp G(X’))—F?‘ZHQHZ
e i
n
0(xi) = > ajk(x,%)
=
0 = Ka eR"

min J(a) = —y ' Ka+1' log (epra +exp*Ka> +-—a' Ka

QeR” 202

the optimization problem in R” is tractable )




The bridge for the 2 class problem
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parameter estimation: from functions to vectors

Kernel logistic regression’

How to make a decision for a given x
Bayes classifier takes the sign of the odd ratio

P(Y =1|x)
|OgP(Y—— ZZa,k(X,,

use a threshold if necessary

iterative parameter optimization: conjugate gradient or

Newton method

Vad(a) = —Ky + K tanh(Ka,) + lzKa

v J(a) =K <<1 + >l—tanh(Ka)tanh(Ka) )

1 Hastie, Tibshirani & Friedman, The elements of statistical learning, Springer 2001



The bridge for the 2 class problem
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parameter estimation: from functions to vectors

summary of the 2 class example

@ exponential family in a RKHS

@ gaussian prior on ¢

@ optimize a criterion: MAP

@ representer theorem: dual representation in R”

Generalize

@ adapt to different problems (multiclass, density estimation,
regression...)

@ change the prior (conjugate, informational...)
@ change the cost (MDL, penalized likelihood, robust one...)




The bridge for the 2 class problem
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parameter estimation: from functions to vectors

summary of the 2 class example

@ exponential family in a RKHS

@ gaussian prior on ¢

@ optimize a criterion: MAP

@ representer theorem: dual representation in R”

Generalize

@ adapt to different problems (multiclass, density estimation,
regression...)

@ change the prior (conjugate, informational...)
@ change the cost (MDL, penalized likelihood, robust one...)

the case of the SVM



The bridge for the 2 class problem
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parameter estimation: from functions to vectors

SVM and the exponential family

n
1
MAP = log P(ylx;,0) + 55101
i=1

for SVM use a robust pseudo-likelihood ratio

@ introduce a margin p

@ focus on the “worst” cases

. P(yi|x;, ) 1
: _ _ (ARl s 2
IR CL TORNL

P(yi|x;, 0) use conditional Rademacher
n

_ 1
min —;max (P—ZYiQ(Xi),O)JréH@H%



The bridge for novelty detection
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detection of abrupt changes

The problem of novelty detection in a sequence?

the problem

X1, X2, ooy Xp—1, Xty Xt 1, .05 X2t

detect a change in a
sequence Po Py

{Ho . Py = Py
Hq : P # Py

MWt

2 F. Desobry and M. Davy,Support Vector-Based online Detection of Abrupt Changes; |EEE ICASSP, 2003




The bridge for novelty detection
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detection of abrupt changes

The problem of novelty detection in a sequence?

a good tool: the likelihood ratio

T4 Po(x) [T r1 P1(X))
ot
Hi:1 PO(XI) = 1‘.|_1

N(Xq, ..., Xot) =

the problem

detect a change in a
sequence Po Py

X1, X2, ooy Xp—1, Xty Xt 1, .05 X2t

2 F. Desobry and M. Davy,Support Vector-Based online Detection of Abrupt Changes; |EEE ICASSP, 2003



The bridge for novelty detection
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generalized likelihood ratio

Generalized likelihood ratio

P, and P, are the maximum

2t =«
A(Xq, ..., Xot) = H ]AP1 (xi) likelihood estimates of the
izt Po(X)) densities

the exponential family at the rescue

Po(x) = p(x) exp(fo(.), k(x,.))» — 9(bo)
Py (x) = pu(x)exp(01(.), k(x,.))» — g(b1)

one class SVM

Po(x) = u(x)exp (3L, a,(.o)k(x, X;) — g(60)>
P1(x) = u(x) exp (2 .y af Vk(x, %) — g(01))

v

a;’ using the alf (x; to x;) and o; alf (x;1 to xo
©) ysing the 15t half ( ) and o!”) 27 half (x,, )



The bridge for novelty detection
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generalized likelihood ratio

the acceptation region of the test

2t esz, t+1 a (X/,X,) 9(91) > s

j=t+1 €Xp Zi:1 o; )k(Xj7 xi) — 9(0o)

2t t 2t
= (Za}o)k(x,-,x,-) -y aE”k(x,,x,)) < s+t(by—bp)

j=t+1 \i=1 i=t+1

/\(X1, ...,th) >8 <

s is fixed for a given risk of the first kind

simplification: (3%, , o!"k(x;, x;) almost constant)

2t
> (Z O‘§0)k(xjaxi)> < 8 + tg(ho)

j=t+1 \i=1




The bridge for novelty detection
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generalized likelihood ratio

the acceptation region of the test

2t esz, t+1 a (X/,X,) 9(91) > s

j=t+1 €Xp Zi:1 o; )k(Xj7 xi) — 9(0o)

2t t 2t
= (Za}o)k(x,-,x,-) -y aE”k(x,,x,)) < s+t(by—bp)

j=t+1 \i=1 i=t+1

/\(X1, ...,th) >8 <

s is fixed for a given risk of the first kind

simplification: (3%, , o!"k(x;, x;) almost constant)

2t
> (Z O‘§0)k(xjaxi)> < 8 + tg(ho)

j=t+1 \i=1

evaluate the future based on the past - it is very fast!



Ruptures by Variance
T T T T T T T T

- i
o &L gl

Ruptures by Error Rate
T T T




Conclusion

Concluding remarks

@ exponential family is the bridge expected between
probabilities and kernels based methods

@ parameters change from functions to vectors
@ applicable to many algorithms
@ application to graphical models (CRF)

v

Open Problems

@ more to come: e.g. temporal statistical tests (cusum)

@ develop practical consequences (new methods)
@ clarify some functional aspects of the exponential family




Conclusion

Questions?

Questions?

http://users.rsise.anu.edu.au/ smola

http://asi.insa-rouen.fr/ scanu



	Introduction
	Motivation
	Outline

	Theoretical framework
	hypothesis: RKHS
	probabilities: exponential family

	The bridge for the 2 class problem
	conditional exponential family in a RKHS
	parameter estimation: from functions to vectors

	The bridge for novelty detection
	detection of abrupt changes
	generalized likelihood ratio

	Conclusion

